
ECE 451:  Control Systems Design I – Notes 

TF: 𝐺(𝑠) =
𝑏1𝑠𝑛−1+𝑏2𝑠𝑛−2+⋯+𝑏𝑛

𝑠𝑛+𝑎1𝑠𝑛−1+𝑎2𝑠𝑛−2+⋯+𝑎𝑛
 

TF SS:  for proper SISO T(s):

Phase-Variable Form: 

𝐴 =

[
 
 
 
 

0 1 0 … 0
0 0 1 … ⋮
⋮ … 0 ⋱ 0
0 … … 0 1

−𝑎𝑛 −𝑎𝑛−1 … … −𝑎1]
 
 
 
 

 𝐵 = [

0
0
⋮
1

]

 𝐶 = [𝑏𝑛 𝑏𝑛−1 … 𝑏1] 𝐷 = [0] 

Dual Phase-Variable Form: 

𝐴 =

[
 
 
 
 
−𝑎1 1 0 … 0
−𝑎2 0 1 … ⋮

⋮ ⋮ 0 ⋱ 0
⋮ ⋮ ⋮ 0 1

−𝑎𝑛 0 … … 0]
 
 
 
 

 𝐵 = [

𝑏1

𝑏2

⋮
𝑏𝑛

]

 𝐶 = [1 0 … 0] 𝐷 = [0] 

SS TF:  T(s) = C(sI-A)-1B + D 

Diagonalization of SS:  using only a state transformation:   

�̅� = 𝑃−1𝐴𝑃 = [
λ1 0 0
0 ⋱ 0
0 0 λn

] �̅� = 𝑃−1𝐵 𝐶̅ = 𝐶𝑃  �̅� = 𝐷 

where:  𝑃 = [𝑒𝑖𝑔𝑣𝑒𝑐𝑡𝑜𝑟(λ1) ⋯ 𝑒𝑖𝑔𝑣𝑒𝑐𝑡𝑜𝑟(λn)] and: | sλ – A | = 0 

Solution of the state equation – time response of systems: 

𝑥(𝑡) = 𝑒𝐴(𝑡−𝑡0)𝑥(𝑡0) + ∫ 𝑒𝐴(𝑡−𝜏)𝐵𝑢(𝜏)𝑑𝜏 =
𝑡

𝑡0

𝑒𝐴(𝑡−𝑡0)𝑥(𝑡0) + 𝐴−1[𝑒𝐴(𝑡−𝑡0) − 𝐼]𝐵𝑈 

where:  𝑢(𝑡) = 𝑈 is a constant;  𝑒𝐴𝑡 = £−1{[sI − 𝐴]−1} 

MC and MO Matrices:  𝑀𝐶 = [𝐵 𝐴𝐵 𝐴2𝐵 … 𝐴𝑛−1𝐵]  𝑀𝑂 =

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

 

Tracking problems:  𝑒𝑠𝑠 = 𝑟 − 𝑦𝑠𝑠 �̅� =
−1

𝐶(𝐴−𝐵𝐾)−1𝐵
 [

�̇�
𝑥�̇�

] = [
𝐴 0

−𝐶 0
] [

𝑥
𝑥𝑖

] + [
𝐵
0
] 𝑢 + [

0
1
] 𝑟 

Controller design, using Ackerman’s formula: 

𝑘 = [0 … 0 1]𝑀𝐶
−1∆𝑑(𝐴)  where: ∆𝑑(𝐴) = 𝐴𝑛 + 𝛼1𝐴

𝑛−1 + 𝛼2𝐴
𝑛−2 + ⋯+ 𝛼𝑛𝐼 

Full Order Observer (FOE):   �̇� = 𝐴𝑥 + 𝐵𝑢 + 𝐿(𝑦 − 𝐶𝑥) 

Error:  �̃� = 𝑥 − 𝑥  �̇̃� = �̇� − �̇� = (𝐴 − 𝐿𝐶)�̃� 

Observer design, using Ackerman’s formula:  𝐿 = ∆𝑒(𝐴)𝑀𝑂
−1 [

0
⋮
1
] 

Control using Observers: [
�̇�
�̇�
] = [

𝐴 −𝐵𝐾
𝐿𝐶 𝐴 − 𝐵𝐾 − 𝐿𝐶

] [
𝑥
𝑥
] 



Seperation Principle: [
�̇�
�̇̃�
] = [

𝐴 − 𝐵𝐾 𝐵𝐾
0 𝐴 − 𝐿𝐶

] [
𝑥
�̃�
] 

FOE Compensator Transfer Function:  
𝑈(𝑠)

𝑌(𝑠)
= −𝐾(𝑠𝐼 − 𝐴 + 𝐵𝐾 + 𝐿𝐶)−1𝐿 

Reduced Order Observer (ROE): [
𝑥�̇�

𝑥�̇�
] = [

𝐴11 𝐴12

𝐴21 𝐴22
] [

𝑥𝑚

𝑥𝑢
] + [

𝐵1

𝐵2
] 𝑢 

𝑥�̇̃� = (𝐴22 − 𝐿𝐴12)𝑥�̃� 

�̇� = 𝐷𝑧 + 𝐹𝑦 + 𝐺𝑢 

𝑥�̂� = 𝑧 + 𝐿𝑦 

𝐷 = 𝐴22 − 𝐿𝐴12 

𝐹 = 𝐷𝐿 + 𝐴21 − 𝐿𝐴11 

𝐺 = 𝐵2 − 𝐿𝐵1 

ROE Compensator Transfer Function: 
𝑈(𝑠)

𝑌(𝑠)
= 𝐶′(𝑠𝐼 − 𝐴′)−1𝐵′ + 𝐷′ 

 𝐴′ = 𝐷 − 𝐺𝐾2     𝐵′ = 𝐹 − 𝐺𝐾1 − 𝐺𝐾2𝐿 

 𝐶′ = −𝐾2    𝐷′ = −(𝐾1 + 𝐾2𝐿) 

LQR:  Find a control function u(t) that minimizes the cost function J: 

 𝐽 =
1

2
∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢) 𝑑𝑡

∞

0
 subject to: �̇� = 𝐴𝑥 + 𝐵𝑢 

 𝑅 > 0 is positive definite and 𝑄 ≥ 0 is positive semi definite 

The solution exists if:  (1). (A,B) is controllable  (2).  R > 0  (3). Q = Cq
TCq, where (Cq, A) is observable 

Solution:  Algebraic Riccatti Equation (ARE):  

 𝐴𝑇𝑃 + 𝑃𝐴 + 𝑄 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 = 0 where P is a positive definite solution, 

 𝑢 = −𝐾𝑥  where: 𝐾 = 𝑅−1𝐵𝑇𝑃 

LQE:  �̇� = 𝐴𝑥 + 𝐵𝑢 + 𝑤 

 𝑦 = 𝐶𝑥 + 𝑣 

Solution:  𝐿 = ∑𝐶𝑇𝑅𝑂
−1  where ∑ is the positive definite solution of: 

 𝐴∑ + ∑𝐴𝑇 + 𝑄𝑂 − ∑𝐶𝑇𝑅𝑂
−1𝐶∑ = 0 with 𝑄𝑂 ≥ 0 and 𝑅𝑂 > 0 

LQG:  You can recover some properties of LQR if: (1)  the plant is minimum phase 

 (2) 𝑅𝑂 = 1 and 𝑄𝑂 = 𝑞2𝐵𝐵𝑇 

LQG/LQR:  Recover LQR properties by using 𝑄𝑂 and 𝑅𝑂 as tuning parameters. 


