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(a) The transfer function of the system is given by

x(s) _ 1
u(s) s2+5s+6

“Thus the differential equation form is given by
£E+5x+6x=u

Let
x =x
xz_x
Thus
x, =x,
x2= =._6x1-5x2.+u
As a result,
| 0 1]l x, 0
["‘2]-[‘6 ‘5] x| 1]
Thus the matrix A is given by
-1 0 1
& [—6 —5]
(b) We have
®7i(s) = [sT - Al [6 s+5
Thus

°w-3["27 ]

The determinant is given by ;
A=s?>+55+6=(s+3)(s+2)

" We now have

y_S$+5 3 2
¢uls) = A s+2 s+3 ' 1
" (8)= _ 1 _ 1 |
12 (s+2)(s+8) s+2 s+3
_ -6 __6 6 |
?21(3) (s+2)(s+3) s+3 s+2
_¢22(s)= s 3 2

(s+2)(s+3) s+3 s+2

The inverse Laplace transform gives us
s IS :

&) o —_— d)(’t,\O)\ 3e 2t — 9p—3t e 2t o3t
&ts o oTES. 6e™3 — 6e™2t 33 — 2%

(¢) We have by differentiation

&(t, 0) - [69-3‘ — e 2t 3e~3 = 2e~ 2
12e72% — 1873 42t — ge—3¢

We also compute ‘ :
A¢ _ [ 0 1] 3e—-2t i 2e—3t e-—2t - e—-3t
=6 —5l[ge3 — et o3t ge-2t
3 [Ge‘st — ge—2t 3e~3t — 9p-2t
12e7% — 18e73t 4e=2t — Qo3¢
Thus

| Adp=¢
(d) We have for the force-free response,
x(2) = ¢(2,0)x(0)

x(t) = [4’11 %Mxl(O) ]

b1 P xz(O)
. Thus with

x(0)=0

x,(0) =1
 we get

[ - e~ 2t —e™3t
x(¢) = [%J = [3e‘3‘ _2e—-2t]
(_e) With a forcing function we have
x(8) = 6(2,0)x(0) + [*4(2, 7)B(r)u(7) dr




Now the integrand is given by

[ 41, 4’12][0]
t,7)B(7)u(r) = u(r)
(6B u(r) = | #1210
rd’lz(ts T)]
= u(r
Lol 47
'e'—zu—f) —e~ 3=
T |gem¥ut-n  _gext-n)
| Thus
i e””(/tez"d'r) - e”‘”(/tea’dr)
; [o(t,nB(Du(r)dr=| 0 o
; 0 ' : 3e‘3‘f e dr — 22‘2‘/ e dr
| # Herabooe ¢ 0
: sed Gds ]4" * _ | $-05e7% + e3¢ -
| metod o obtas o =2t — o3t
+hia a
As a result, '

x,(2) = (e — e73) + 1 — 052 + Lo~
=1+ 05e72 — e ¥

x,(t) = (373 — 2¢72) + e72t — ¢~ 3¢
= 2e—3t — e-2t

i . () Let
‘ Xx=Tx
| Differentiating, we get
£ = Tx = TAx + TBu
or i
$ = TAT % + TBu
Thus
' £ =A% + Bu
where
A = TAT?
or
AT =TA

ay, 0 ||ty vtm = b 0 1
0 (122 tzl t22 t21 t22 "’6 ‘—5

Expanding, we have :
‘ ayt, = —6t, (1)
Aty = t; — 5ty (2)
Qgoly = —6ty : (3)
Goolyy =ty — Sty 4)

Substitution of Eq. (2) in (1) gives
ay(ay by + 58) + 64, =0
or
a% +5a,+6=0
_ (ayp +3)(a;, +2)=0
Thus we take @), = —2. Substitution of Eq. (4) in (3) gives
Boo(@golay + Blpy) = —6iy
(age +3)(ay, +2)=0
Take :
Qg = —3
Thus
—2t, = —6¢t, t, = 3t,
-3ty = —625 ty = 2ty
Take ¢,, = 1 to obtain ¢,;, = 3; similarly, ¢,, = 2 to obtain ¢,, = 4. Thus the
transform matrix T is obtained as »

-3 3

4 2
The inverse of T is obtained as
1 =L
T != 2
9 3
_ .2
~ Since
x=T"%
we conclude that
x, =%, — 0.5%,

x2 = _2£1 + 1.51‘."2
(f) We have

0 -3
The associated state transition matrix is thus given by
-l

0 e-3t

[ 3




(g) For part (d) we have
2, =3x; +x,
£, = 4x; + 2x,

Thus the initial conditions are

£0)=30+1=1
£,(0) = 4(0) +2 =2
Thus the free response is obtained as
-2t -2t
Sk N [ foaed
Expanding, we get
2,(t)=e"%
£, (8) = 2¢7%
Thus for the original system form, we have
xx,(t) =g 2t — 73
xy (2) = —2e7% + 3™
For part (e) ‘
&(2) = &,(¢) + fo 8¢, 7)B(r)u(r) dr
IO O VO T LSO | | O

0 e~ ¥t=m

G

- Jut)

2e—3(t—1')

()

3r\¢ .
2e—3t( e )
3 /o

j()‘&(:, 7)B(7)u(r) dr

P0.5e'2‘(92‘ -1)

= -3t .
2-e3 (e — 1)

Thus

£,(¢)=e™2 + 0.5(1 — e~ %)
= 0.5 + 0.5¢~%
C2y(t) =2e"¥ +3(1 - ™)
=3+ 4™

Thus

(2
x(2) = 2,(¢) - 052,(¢)

=05+ 05e72 —1— 273

=1l4le 2 2p=3t -

—2%,(t) + 1.52,(¢)
—1—e2+1+2e 2
2e—3t - e—2t

xq(2)

Clearly, we obtain the same results.




ALTW-NNN& SocvTioN 7o (e)

7’(& ][wr-e.p( r-u/)Me, Cam ,62 /A’«.’«i 7[..¢--
o (E) = A [eAe-t) - _f] By

c’LL,\ A ‘ “ cw\a‘l[o«,:é

o | | il
| ¢ s (e st 272t

i
v\\\
r~\‘—r
o N
0 L
"ﬁ—\}
e
Lo
foe
' 1
X
! i
N
& O

\
*ox
g
N-\J

id  cormpnde Ao At praimasy Meied
e oA etld |




