Table 3-1 Summary of vector relations.

Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate variables X, ¥,2 rd. z R0, ¢

Vector representation A =

XAy +¥A, + 24,

FA, + Ay + 74,

RAp +04) + A,

Magnitude of A

A| = A%+ A + A2

VAT + A+ A7

AL + A2 + AZ

¢
Position vector OP| = Xx| + ¥y + 221, rry + 271, ﬁR]
for P(x1,¥1.21) for P(ry.¢1,21) for P a1, ¢p)
Base vectors properties RR=F§=2-2=1 | F-F=h-p=2-3=1 ﬁ-ﬁ:é*é:tﬁ-&::l
X-§y=3:2=2:=0 | t-d=¢g-2=2-f=0| R-0=0-¢=¢-R=0
ixy=1% Exp =1 Rx0=¢
¥yxzZ=xX bxi=r O0xp=R
ixx=14 ixit=0 bxR=90
Dot product A-B = AxBx+AyBy + A;B; | A/Br +AyBy+ AB, ApBg +AgBg + AyBy
S Y T R 0 ¢
Cross product AxB= Ax Ay A Ar Ay A Ap Ag Ap
By By B; B By B; Br By By

Differential length dl =

Xdx+ydy+idz

tdr+drdd+idz

RdR+0OR dO + $Rsind dp

Differential surface areas dsy =xdy dz dsy =tr dé dz dsp = RR?sin0 do dé
dsy =y dx dz dsy = ¢ dr dz dsy =ORsinf dR do
ds; =z dx dy ds; = ar dr d¢ ds¢=$R dR do

Differential volume d¥ = dx dy dz rdrdddz R%sin6 dR do dd

Table 3-2

Coordinate transformation relations.

Transformation

Coordinate Variables

Unit Vectors

Vector Components

Cartesian to r— 1/x°+y2 I'=Xcos¢ + ysing Ar = Ay cos¢ + Ay sing
cylindrical é =tan~(y/x) & = —xsing + ycosd Agp = —Ayxsing + Ay cos ¢
I—2% i=1 A = A;
Cylindrical to X =rcosg X=rcos¢ — CiJ sing Ax = Arcosg — Ay sing
Cartesian ¥y =rsing y=rs mqb—l—d)cc-sqﬁ Ay = Apsing + Ay cos¢
=z i=1% A = A;
Cartesian to R= Jx24+y2472 R = &sinf cos ¢b Ap = Axsinfl cos ¢
spherical + Vsin# sin ¢ + Zcosf + Aysinfsing + Az cosf
=tan~ [ {x2+y2/z] | O =% cosBcose Ag = Ay cosfl cos ¢

¢ =tan~(y/x)

+ Veosfsing — zsin#
& = —Xsing + Vcosd

+ Aycosfsing — A siné

Ap = —Axsing + Aycosg

Spherical to
Cartesian

X = Rsint cos¢

=R 1n8-::os¢'
+Gc039cosqb — ¢ sing

Ay = Apsinfcos¢

+ Agcosficosp — Ay sing

¥ = Rsinfsing j‘:ﬁ 1n85mqb Ay = Apsinfsing
+Gc0395m¢)+¢cosd) + Ag cosflsing + Ay cos g
z= Rcos#d 7 =Rcos# —Bsind A; =Apcosf — Agsinf
Cylindrical to R=Vri+z2 R = fsinf + Zcosd Ap = Ay sinfl + A; cosf
spherical 6 = tan~ 1 (r/2) 0 —fcosO — Zsind Ag = Apcosf — A;sind
¢=4¢ =9 Ag =4Ag
Spherical to r = Rsind f = Rsinf +0cosh Ay, = Apsinf + Ag cost
cylindrical d=¢ b= ¢ A Ay = Ay
z = Rcos# Z=Rcosf —Bsind A; = Apcos# — Agsinf




SOME USEFUL VECTOR IDENTITIES

A-B = ABcostug Scalar (or dot) product
A xB=nABsintlyg Vector (or cross) product, i normal to plane containing A and B
A-BxC)=B-(CxA)=C.-(AxB)

Ax (BxC)=B(A.C)—-C(A xB)
VU+V)=VU+VV

VUV)=UVV +VVU

V. A+B)=V-A+V.B

V. (UA)=UV - A4+A. VU

Vx (UA)=UV x A+ VU x A
VXxA+B=VxA4+ V=B

V.- AxB)=B- (VxA) -—A - (VxB)

V- (VxA)=0

VxVV =0

V.VV = ViV

VxVxA=V(V-A)— VA

f(V -A)dy = % A .ds Divergence theorem (S encloses V)
v s

f(V x A)-ds = f A dl Stokes’s theorem (S5 bounded by C)
5 C

GRADIENT, DIVERGENCE, CURL, & LAPLACIAN OPERATORS
CARTESIAN (RECTANGULAR) COORDINATES (x, v, 2)
av . .av a4V

VW =%—4+§j—+i—
\ax “8}‘ laz

VA=t T
XV i
a4 4 4 dA Ay L (8A,  dA. L dA,  HAL
VxA=|— — —|=x| —— ¥ = 3 Yy _
dx dy oz ay iz iz dx ox ay
A Ay A,
a?v  atv Bty
Vi = —
x2 + ay? + 8z2

CYLINDRICAL COORDINATES (r,¢,z2)

av. . 1av . _av

VV =if— + -+
B T T
1a laAy 34,
Vo A=——(r4,)+-—2 z
rar(r ’)+r dg az
Pogr i
Lla a a| (184, aAz\ - /84, a4\ _1[a BA,
VxA=Tl5 9 a2 _r(r dp 92 )+d’(aa ~ar )T a7 g
A rAy A,
1a [/ av 18’y v
ViV =-—(r— ——+—
rar\ ar rag? = 9z?

SPHERICAL COORDINATES (R.6.9)

v .lav . 1 av
V=R -t g —
ar ' "Roe " Rsing og
1 s, 18 1 a4y
VoA=——(R'Ag) + ————(Agsind 5
Rag AR+ pang e e + e o e
R #R ¢@Rsing
1
VxA=—0t |2 2 2
R°sné@ |aR ae il
Ag RAg (Rsin®)A,
1 ora 947 A1 1 24y @ 1T 8 aAg
=R—— | —(Aysind) — —2 | +6— 2R D (RAW |+ b | = (RA - 2
Rsin@{&?“'ﬁsm} a¢] R|:sin9 5 R “”] d’R[aR( )= 9

1 3 av 1 8. av 1 a2V
V=—— (R ———(sin— |+ ————
RIAR ( an) RZsin@ 89 Fl RYsin? @ d¢?



Mathematical and Physical Models
Distance between Two Points
d =[(x2—x1)* + (2 = ¥)* + (22 — 2)1'/?
d = [r2+r2 —2rir2cos(¢o— 1) +(z2—21)2]

d ={R3 + R} — 2R, Ry[cos 6 cos 6

+ sin 6 sin 6 cos(d — )1}
Coordinate Systems Table 3-1
Coordinate Transformations Table 3-2
Vector Products
A-B=ABcosfup
Ax B=rn ABsinfap
A BxC)=B-(CxA)=C-(AxB)
Ax(BxC)=BA-C)—-C(A-B)

Divergence Theorem

fV-EdU:5£E-ds

v hy

Mathematical and Physical Models

Vector Operators
aT aT aT
VI =X—+y— +1%
* ax ! ay ‘ dz
_ dEy . dEy 0E;

— +
ox ay 9z

vXB:g(aBz _%)ﬁ(&& _aBz)

V-E

ay iz az dx

_ (3B, 8B,
H( ox B)’)
atv N 3ty N av
ax2 - ay? 8z

viy =

(see back cover for cylindrical
and spherical coordinates)

Stokes’s Theorem

f{VxB)-ds:fB-dl
5

i

Maxwell’s Equations for Electrostatics

Name Differential Form Integral Form
Gauss’s law V:-D=p, jf[)-ds: Q
S
Kirchhoff’s law VxE=0 % E-dl=0
C
Electric Field
- - - q
Current density = p,u Point charge E=R——
: 1= p SHE 4meR?
Poisson’s equation viv =22 N
€ 1 ¢i(R—R;)

Laplace’s equation ViV =

Resistance R =

Boundary conditions Table 4-3

Capacitance C=
— f E-dl
¢
RC relation RC = —
o
Energy density We = %EEZ

Many point charges = e Y
Y PO eI dre &= R-Rif

1 af o fOy dv’

Vol distributi E=—
olume distribution e RZ
v r
4 g c 1 ~f g ds’
Surface distribution E=— —_—
‘ 4me R?
s ,
1 . pg dl
Line distribution E=—
dme R2
f.’
Infinite sheet of charge E =12 Ps
2ep
D . -
Infinite line of charge E=—=ft—"=+¢# e
€0 €0 2megr
Dipole __ (R2cos8 + 0sind)
P T dmegR3

Relation to V' E=-VV



I = f.]-ds (A). (4.12) Var = Vo=V :—fE-dl, (4.39)
S Py
1 Ov o, S ,
V=—] —dvU" (volume distribution), (4.48a)
dme | R’
v’
1 Os P .
= — | — ds' (surface distribution), (4.48b)
dme | R’
S!
1
= — % dl' (line distribution). (4.48¢)
e . o
v J=0E (A/m?) (Ohm’slaw), (4.63)
Table 4-3 Boundary conditions for the electric fields.
Field Component Any Two Media If-[ed lm,l 1 I\‘-[ed fum 2
Dielectric € Conductor
Tangential E E; =Ey Ey=Ex =0
Tangential D Dy /ey = Da/er Di;=Dy =0
Normal E €1Ein—eEy = ps E, = ps/er Eyp=0
Normal D Dy — Doy = ps Din = ps Dy, =0
Notes: (1) ps is the surface charge density at the boundary; (2) normal components of
E1, Dy, E2, and D3 are along i, the outward normal unit vector of medium 2.
Mathematical and Physical Models
Maxwell’s Magnetostatics Equations Magnetic Field
. . - I
Gauss’s Law for Magnetism Infinitely Long Wire ~ B =¢ —;‘ ;r (Wb/m?)
V-B=0 == fB-ds:(} B
la
5 Circular Loo H=% ———— A/m
Ampere’s Law P 2(al + z2)3/2 e
. NI
VxH=] <> 5£H-d¢=1 Solenoid B~ ipunl = ”{ (Wb/m?)
C
Lorentz Force on Charge g Vector Magnetic Potential
F=g([E +uxB) B=VxA (Wbm?)
Magnetic Force on Wire Vector Poisson’s Equation
Fm=15£d|x13 (N) VA = —ul
(& Inductance
Magnetic Torque on Loop A @ 1
L=—=—=—-| B-ds H
T=mxB (N-m) 1 I [f H)
S
- 2
m=nNIA (A-m?) Magnetic Energy Density
Biot-Savart Law 1
Wn = > pH?  (J/m?)

. fa'lxﬁ )
“ ] R -

1



Table 5-1 Attributes of electrostatics and magnetostatics.

Attribute

Electrostatics

Magnetostatics

Sources Stationary charges py  Steady currents J
Fields and fluxes Eand D Hand B
Constitutive parameter(s) € and o [
Governing equations
e Differential form V.D=p, V:-B=0
VxE=0 VxH=]

¢ Integral form

jﬂsn-ds;:Q

ﬁ E-dl=0
C

5& B-ds=0

5

f H-dl=1
C

Potential

Scalar V., with

Vector A, with

E=-VV B=VxA
Energy density We = %e E? Wm = %HHE
Force on charge g F. =gE F,=quxB
Circuit element(s) Cand R L




