Problem 3.36 Find the gradient of the following scalar functions:
(@ T=3/(¢+2),
(b) V =x7Z,
(c) U =zcosp/(1+r2),
(d) W = e Rsing,
(e) S=4x%e 248,
() N=r2cog ¢,
(9) M =RcosBsing.
Solution:
(a) From Eq. (3.72),
6X . bz

OT = —X 5 —2 5 -
(427 (et 2)

(b) From Eq. (3.72),

OV = Ry?Z + §2xyZ* + 24xy° 2.
(c) From Eq. (3.82),

2rzcosp - zsing . cosg

OU = —f .
e ey T
(1+r2)

(d) From Eq. (3.83),
OW = —Re Rsing +6(e R/R) cosb.
(e) From Eq. (3.72),

S=4Ce 24y
0S= )?(;iJrf/(;)S/Jr 2%? — X8xe %+ §3y° — 24x%e %,
(f) From Eq. (3.82),
N = r?co¢ ¢,

,ON ~10J0N _JON A
ON="F WJr(de—(erzE — £2r cos @ — @2r sinpcosy.

(g) From Eq. (3.83),

M = Rcosfsing,

. OM 1M -~ 1 oM . . AL ~
DM_RﬁJrGﬁﬁJr(pRsmed—(p_Rcosesmqo—esmesquJrcp

cosQ

tan@




Problem 3.40 For the scalar functiorV = xy2 — 72, determine its directional
derivative along the direction of vectoA = (X—9yz) and then evaluate it at
P=(1,-1,4).

Solution: The directional derivative is given by Eq. (3.75)dé/dl = OV - &, where
the unit vector in the direction &k is given by Eq. (3.2):

A X=Vz
Vit22’

and the gradient df in Cartesian coordinates is given by Eq. (3.72):

OV = Ry? + §2xy — 222.

Therefore, by Eq. (3.75),

av -y —2xyz
d - Vitz2'
AtP=(1,—1,4),
dv> 9
b — ~_-218
<d| (1,-1,4) V17




Problem 3.41 Evaluate the line integral & = Xx— Yy along the segmer; to P,
of the circular path shown in the figure.

y

r s

P, =(0,3)

P,=(=3,0)

Solution: We need to calculate:

E-df.
Py

Since the path is along the perimeter of a circle, it is best to use cylindrical
coordinates, which requires expressing b&ttand d¢ in cylindrical coordinates.
Using Table 3-2,

(f cosrp—fpsin(p)r cosp — (f sinqo+&)cosqo)rsin(p
= r(cog @ — sir? @) — @2r sinpcosy

E=%Xx—-yy

The designated path is along tipadirection at a constamt= 3. From Table 3-1, the
applicable component off is: A
dé¢ = qr do.

Hence,

P =180 ~ ~
E~d£:/ [fr(cosz(p—sinz(p)—(p2rSin(PCOS(P} -Qr dfP’
Py 990" =3

180
=/ —2r?sinpcospdg| _,
5 180
:—ngf¢ —9,

$=90"|,_3




Problem 3.46 For the vector fieldE = Xxz — Jyz%> — 2xy, verify the divergence

theorem by computing:
(a) the total outward flux flowing through the surface of a cube centeredeat th

origin and with sides equal to 2 units each and parallel to the Cartesian axes,

and
(b) the integral of]- E over the cube’s volume.

Solution:
(a) For a cube, the closed surface integral has 6 sides:

7£ E - ds = Fop+ Foottom+ Fright + Reft + Front + Foack

1 1
Flop = /X:fl/:fl (oz—yyZ* — 2xy) |, - (2dlydlx)

1 1 22\ |1 1
— _/ xydydx = <xy) =0,
=-1/y=-1 4 =1/ |x=—1
1 1 A A A A
Foottom = /xffl/ffl (sz_yy22 - ny) ’z:fl' (—Zdde)
1 1 22\ |1 1
[ ey ((Xg) ) “o
=-1/y=-1 y=-1/ |x=1
1 1 A A A A
Fright = /x:fl/z:fl (XXZ_ yy22 - ZXY) ‘y:]_ ! (dedX)
1 1 1 ! _
:_/ Zdzdx = — <”j Sy
x=—1Jz=-1 3 z=-1) |y—_1
1 1 A A A A
Rert = / / (2 —9yZ —20)|,__, - (-9 dzdx)
x=—1Jz=-1
—4

1 1
_—/l ' zzdzdx_—<(xz3> )
x=—1Jz=-1 3 z=-1/ |y__1

1 1

1J/z=-1

= yi_ /:_lzdzdy: ((yf)

1 1

)

y=-1




Foack= /1 / (fxz—§yZ —2xy) | __, - (—Rdzdy)

[ e (5 > )

4 4
745 ds=0+0+ =+ +0+0= 3

(b)

11
// O-Edv= / / / -(%xz— §yZ — 2xy) dzdydx
aly=1)=1

1 1 1
/ / (z— Z) dzdydx
“1ly-1

-1
1
5 §
y==1/ |x=_1

71




Problem 3.52 Verify Stokes'’s theorem for the vector fieRl= (fr cos<p+&)sin(p)
by evaluating:
(@ 74 B - dI over the semicircular contour shown in Fig. P3.52(a), and
C

(b) /(D x B) -dsover the surface of the semicircle.
s
y y

2 L 2 L
= > X 0 T 5 X

2, 0 |, 2
(@) (b)

Figure P3.52: Contour paths for (a) Problem 3.52 and
(b) Problem 3.53.

Solution:
(a)
jéBdI /Bdl+ 8-di+ [ B.dl.
L1 Lo
B-dl = rrcosq0+q)sm(p) (rdr+(prd(p+zdz)—rcos<pdr+rsm(pd(p,

2 0
B-dl = (/ rcos<pdr) + (/ rsin(pd(p>
L r=0 ©=0, 70 =0

= er)‘r 0_|_0 2’

T
B dl = ( rcosqodr) + </ rsin(pdqo>
z=0 =0

=0+ (—2cosp)go =14,

T
B dl = ( rcos<pdr> + (/ rsimpdcp)
@=1,2=0 =TT

_( :ZLZ){r 2+O 2
7£B-d|:2+4+2:8.

z=0

r=2, z=0

z=0




(b)
OxB = Ox (fr cosp+ @sing)

_ (f(f(po- §<sun¢>) +¢< J(rcoso) — 3. °>

4ol (j( (sing)) — ;q)(fCOSKP))

~

@0+ (sm(p+(r3lnfp)) :23in(p<1+:>,

//st-d //(zsm(p( 1))-(2rdrd(p)

/ / sing(r +1)drdeg = ((—COSfﬁ( r +r))|r o)‘

T

=0

=8




Problem 3.56 Determine if each of the following vector fields is solenoidal,
conservative, or both:

(@) A =%x*—gy2xy,

(b) B =%x%—9y?+ 227,

() C=F(sing)/r?+@(cosp)/r2,

(d) D=R/R,

(e) E=F(3- 1+r)+zz

(H) F=&y+9x)/(x +y)

(g)<3=>§x2+z2 Y2 +X%) —2(y* +2),

(h) H=R(ReR).

Solution:

(a)

O-A = O-(%% — §2xy) = ix—izxy 2x—2x =0,
ox ay

OxA = Ox (%% — §2xy)

(95 9, (2 02y 9 0) 50 (o 9

5 (5,0 3529 ) 43 5568~ 5.0) +2( 520 - 5.00))
=X0+9Y0—2(2y) #0.

The fieldA is solenoidal but not conservative.

(b)

0-B = 0- (0 — 9y? + 227) = ;yy2+0022222x—2y+27é0,

9 >
—X
X

OxB = Ox (¢ — y? + 222)

=3 (5,2~ 5, +9 (568~ 5.(22))

0 J,5
r2( g - 5 08)
= X0+ y0+ 20.
The fieldB is conservative but not solenoidal.

(©)

r2 r2

10 sing 10 (cosp )
~ra (1)) 1o () 4320

_ —sing —sing —2sin@
RS 0= r3

0c—m < sm(pHApcosxp)




.sin ~CO
OxC=0x (rrz(p+(pr§(p>

(10 _d CosQ ~ (0 [sing _i

“f(rag 2 (%)) 83 () -0
J1/0 cosp Jd [sing

S C() (%)

PP | cosQp cosp)\ ,—2cC0sp

_r0+(p0+zr<—< 2 >—< 2 >)_z 3

The fieldC is neither solenoidal nor conservative.

&)
R 19 1 1 9. 1 9
ob=b <R> ~REOR (R2 (R)) " Rsin6 96 ")+ Reing ag° ~

R
OxD=0x | =
. (R>

~ 1 7] . 0 P 1 0 /1 0
=R Rsing <ae<05'”9> B (9(,00) 0% <sineacp (R> B aR<R(°>>>
~1/ 0 J /(1 oA ~
+¢R(0RG«m)—ae<R>):40+90+¢1

The fieldD is conservative but not solenoidal.

(e)

E:F(S—r> +37
1+r

10 10E, 0K,
a " ey T oz

_A+L +1
14+r  (147)?
[3+3r2+6r—2r—2r2+r2] 1_%

(1412 iz 170

o 10EZ dE(p ~ dEr dEZ A 1 d 10Er o
DXEr(ro"'(p_dz)+¢<o'?z_dr>+z(rdr(rE‘p)_ro'?(p> 0

Hence E is conservative, but not solenoidal.



(f)

Xy+yx .y N
= =X
X2+y2 X2_|_y2+yX2+y2’

0 y 0 X
0F= o (edye) oy (ye)

2y 2y
T (@ +y2)2 + (X2 +y2)2 #0,

B A T X 17} y
DxF—Xw—m+ym—®+sz(ﬂ+ﬁ>_dy<ﬂ+w>}

Y ¢ 1 N 2y?

- X2+y2 (X2+y2)2 X2+y2 (X2+y2)2
_ 52y —%)

e y22 7 0.

Hence/F is neither solenoidal nor conservative.

(9)
=X +2) —J(Y +X°) — 2y’ + ),

17} 7} 7}
D-G:&(szrzz)—a—y(szrxz)—a—Z(szrzz)
=2Xx—2y—2z#0,
DxG:R(—;y(szrzz 55, V%) )+ (; ( 2+22)+;X(y2+22)>
+2<—m((y2+x2) )

= —X2y+Vy22—22x# O.

Hence,G is neither solenoidal nor conservative.

(h)

H=R(Re ™M),
7]
0= 5 2 (Re ™) - L (aRe - Rie ) —e T(3-R) £0.
OxH=0.

Hence H is conservative, but not solenoidal.




Problem 3.57 Find the Laplacian of the following scalar functions:
(a) V = 4xy°Z,
(b) V =xy+yz+2z,
(©) V =3/(¢+y?),
(d) V =5e"cosg,
(e) V =10e Rsing.

Solution:
(a) From Eq. (3.110)[12(4xy?Z%) = 8xZ° + 24xy’z.
(b) O?(xy +yz+2x) = 0.
(c) From the inside back cover of the book,

g <2 3 2) R TET S . 5.
Xty (2 +y?)
(d)
2 —r —r 1 1
[0“(5e " cosp) = 5e ' cosp 1—F—r—2 .
(e)

2\ co¥0—sirto
) |

2(106-Reing) — 100-R | i _“
0°(10e "sin@) = 10e [sm@(l R2sing




