Problem 3.1 VectorA starts at poinf1, —1, —3) and ends at point2, —1,0). Find
a unit vector in the direction oA.

Solution:
A=%X2-1)+9(-1—-(-1))+2(0—(—3)) =X+ 23,
Al =v1+9=23.16
a= N _XF28 _ c032132005.
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Problem 3.2 Givenvectord =X2—9y3+2, B=%2—Y+23, andC =X4+y2—22,
show thatC is perpendicular to botA andB.

Solution:
A-C=(X2—-9y3+2) - (X4+y2—-22) =
B-C=(X2—-9+23)- (X4+92—22) =

8-6-2=0,
8-2-6=0




Problem 3.5 Given vectordA =X +y2—23, B =%2—y4, andC = §2 — 24, find
(a) Aanda,
(b) the component 0B alongC,
(c) Brc,
(d) AxC,
(e) A-(BxC),
() Ax(BxC),
(g) xx B, and
(h) (Ax9)-2.
Solution:
(a) From Eq. (3.4),

A=1/124+224+(—3)* =14,

. X+§2-23
CNEALE L)

and, from Eq. (3.5),

V14
(b) The component 0B alongC (see Section 3-1.4) is given by
B-C -8
BcosOzc = =—=-18.
(c) From Eq. (3.18),
Onc = cos*1£ _cogt 4+12 (1 16 17.0°.
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(d) From Eq. (3.27),

A xC=R(2(—4) — (=3)2) +J((—=3)0— 1(—4)) + 2(1(2) — 2(0)) = —K2+ J4+ 22.
(e)From Eq. (3.27) and Eq. (3.21),
A-(BxC)=A- (X164 98+ 24) = 1(16) + 2(8) + (—3)4 = 20.

Eq. (3.30) could also have been used in the solution. Also, Eq. (3.28) bewsed
in conjunction with the result of part (d).
(f) By repeated application of Eq. (3.27),

A x (B xC)=A x (X164 8+ 24) = X32—§52— 224,

Eq. (3.33) could also have been used.
(g) From Eq. (3.27),
XxB=-74.



(h) From Eq. (3.27) and Eq. (3.21),
(AxY¥)-2=(X3+42)-2=1.

Eq. (3.29) and Eq. (3.25) could also have been used in the solution.




Problem 3.11 Find a unit vector parallel to either direction of the line described by

2X+z=4.

Solution: First, we find any two points on the given line. Since the line equation
is not a function ofy, the given line is in a plane parallel to tixez plane. For
convenience, we choose tkez plane withy = 0.

Forx=0, z= 4. Hence, poinP is at(0,0,4).

Forz=0, x= 2. Hence, poinQ s at(2,0,0).

VectorA from P to Qis:

A

X(2—0)+9(0—0) +2(0—4) = k2 — 24,
L A _ %224
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Problem 3.16 GivenB =X(z—3y)+Y(2x—3z) —z(x+Y), find a unit vector parallel
to B at pointP = (1,0, —1).

Solution: At P=(1,0,-1),

B

X(=1)+9(2+3)—2(1) = -X+95—2,
B —X+495-2 —X+9y5-2

6:7: =
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Problem 3.22 Convert the coordinates of the following points from Cartesian to
cylindrical and spherical coordinates:

(a) PL=(1,2,0),

(b) P, =(0,0,2),

(c) 3= (17 173)!

(d) Pp=(-2,2,-2).

Solution: Use the “coordinate variables” column in Table 3-2.
(a) In the cylindrical coordinate system,

PL= (v/12+22 tan 1(2/1),0) = (v/5,1.107 rad0) ~ (2.24,63.4°,0).
In the spherical coordinate system,
PL= (V12422402 tan }(1/12+22/0), tan 1 (2/1))
= (\/3, r/2 rad 1.107 rad ~ (2.24,90.0°,63.4°).

Note that in both the cylindrical and spherical coordinageis, in Quadrant |.
(b) In the cylindrical coordinate system,

P, = (v/02+02,tan 1(0/0),2) = (0,0 rad 2) = (0,0°,2).
In the spherical coordinate system,
P, = (v 02+ 02422 tan 1 (1/02+ 02/2),tan 1 (0/0))
= (2,0rad0rad = (2,0°,0°).

Note that in both the cylindrical and spherical coordinatess arbitrary and may
take any value.
(c) In the cylindrical coordinate system,

P = (V12412 tan 1(1/1),3) = (vV2,11/4 rad 3) ~ (1.41,45.0°,3).
In the spherical coordinate system,
Py = (V12+ 12432 tan 1 (1/12+12/3), tan 1 (1/1))
= (v/11,0.44 rad 11/4 rad) ~ (3.32,25.2°,45.0°).

Note that in both the cylindrical and spherical coordinageis, in Quadrant I.
(d) In the cylindrical coordinate system,

Pr=(\/(—2)2+ 22 tan 1 (2/ - 2),-2)
= (2v/2,3m/4 rad —2) ~ (2.83,1350°, —2).



In the spherical coordinate system,

Py = (\/(—2)2+22+ (-2 tan ™t (\/(-2)?+2?/ —2),tan *(2/ - 2))
— (21/3,2.187 rad3m/4 rad) ~ (3.46,1253°,1350°).

Note that in both the cylindrical and spherical coordinagess, in Quadrant I1.




Problem 3.25 Use the appropriate expression for the differential surfacedsta
determine the area of each of the following surfaces:

(@r=30<@p<m3;, -2<z<2,

(b) 2<r<5; m/2<@p<m z=0,

(c) 2<r<5; p=m/4; —2<z<2,

(d R=2;,0<0<m/3; 0< o<,

() 0<KR<5; 6=m/3; 0< @< 2m.
Also sketch the outlines of each of the surfaces.

Solution:

c)

(@) (b) (
(d) (e)

Figure P3.25: Surfaces described by Problem 3.25.

(a) Using Eq. (3.43a),

2 /3 /3 2
A_/z_2/<p_0 (r)],_sdedz= ((3qoz)|¢:0)‘zz_2_4r[.

(b) Using Eq. (3.43c),

A= Oododr = ((GrP0) )




(c) Using Eq. (3.43b),

5

A:/:z/:z (1)) a0 dz= ((rz)|§:72))r:2:12.

(d) Using Eq. (3.50b),

B /3 ,m ' - .
A= . /:O (Rsind) |_,ded6 = ((—4(pcose) 920)‘4):0_2”‘

(e)Using Eq. (3.50c),

° 2 7T\ |21
_ . (s 7
A_/:o/:o (RsinB)[g_p/3d@dR= <(2R2(psm3>‘ )

9=0

5 _ 25/3m

R=0 2




Problem 3.26 Find the volumes described by
(@ 2<r<5;, m/2<@p<m 0<z<2,
(b) 0<SR<5; 0<O<m/3;, 0<@p<2m
Also sketch the outline of each volume.

Solution:

/ 2 5
X (a) )

Figure P3.26: Volumes described by Problem 3.26 .

(a) From Eq. (3.44),

2 o5 m 2 om
V= rdrdedz= 1207 ° > _
/Z—O/(p—rr/Z/r—Z ez <((2 q)z)‘r:z)‘tp:n/z .0 2
(b) From Eq. (3.50e),
2m ,rm/3 5
V= / / RZsin6 dRd6 do
9=0Jo=0 Jr=0
2m
125m

5
R=0

((CeSol )




Problem 3.30 Given vectors

A = f(cosp+ 32) — @(2r +4sing) 4 2(r — 22),
B = —fsing+ Zcosg,

find
(a) 6AB at (27 T[/27 O)a
(b) a unit vector perpendicular to bothandB at (2, 71/3,1).

Solution: It doesn’t matter whether the vectors are evaluated before vectongisod
are calculated, or if the vector products are directly calculated and tlegaieasults
are evaluated at the specific point in question.

(a) At (2,71/2,0), A = —@8+ 22 andB = —f. From Eq. (3.18),

Oag = cOS * ('1;) —cos?t (;jg) =90°.

(b) At (2,71/3,1), A =7 — @41+ 3v/3) andB = —71v/3+23. SinceA x B is
perpendicular to botA ndB, a unit vector perpendicular to bothandB is given
by
L AxB :if(—4(1+l\/§))( ) —9(3)(3) —2(4(1+3V3)(3V3)
AxB Ve 3va)"+ () +@+2v3)

~ F(f0.487+ (p0.228+ 20.843).




Problem 3.32 Determine the distance between the following pairs of points:
(@) PL=(1,1,2) andP, = (0,2,3),
(b) Ps=(2,11/3,1) andPy = (4,11/2,3),
(c) B=(3,m,m/2) andPs = (4, 11/2, 1M).

Solution:
(a) From Eq. (3.66),

d= \/(0—1)2+(2—1)2+(3—2)2: V3.

(b) From Eq. (3.67),

d= \/22+42—2(2)(4)cos<g—g) +(3-1)%2=1/24-8/3~318,

(c) From Eq. (3.68),

_ 32442 LT inrsin_ _ M) 2
d \/3 +4 2(3)(4)(coszcosn+smnsm2cos(n 2)) 5.




Problem 3.34 Transform the following vectors into cylindrical coordinates and
then evaluate them at the indicated points:

(@) A=X(x+y) atP = (1,2,3),

(b) B=X(y—x)+§(x—y) atP, = (1,0,2),

(€) C=%y?/ (¥ +y?) =9/ (% +y?) + 24 atPs = (1,-1,2),

(d) D =Rsin6+0cosd +@cos ¢ atPy(2,1/2,11/4),

(e) E =Rcosp+0sing+@sir? 0 atPs = (3,71/2, ).

Solution: From Table 3-2:

(a)
A=(fc os<p—(})sinqa)(rcoscp+rsinqo)
— fr cosg(cosp -+ sing) — @r sing(cosp+ sing),
P = (V12422 tan 1 (2/1),3) = (v/5,63.4°,3),
A(Py) = (f 0.447— 0.894)\/5(.447+ .894) = f1.34— (2.68.
(b)
B = (fcosp— (Apsin(p)(rsin(p—rcoap) ((i)cos<p+fsin(p)(rcos¢—rsin(p)
= fr(2singpcosp— 1) +@r (cos @ — sin? @) = fr(sin 2p — 1) + @r cos p,
P, = (v/12+02 tan 1(0/1),2) = (1,0°,2),
B(R) =+
(©)

- 2gj . 2
C:(fcoscp—(psinqo)r SI22(’)—(cpcosrpjtfsincp)r COZSZ(p Z

= sinpcose(sing — cosp) — @(sin® g+ cos p) + 24,

(\/12+ (=1)% tan 1 (—1/1),2) = (V2,-45°,2),
C(Pg) £0.707+ 24.

= (Fsi n9+zcos@)sm9+ (f cosB — 2sinB) cosh + Qcos ¢ = i + Qcos @,
7'[/2)7 77/472(305(77/2)) - (2745070)7

9
&
i
_l’_
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(e)

E = (f sin@ + 2cosh) cosp+ (F cosd — 2sinB) sing+ @sir? 6,

A= (35.7),

27

ST/ S W T, T\ o~ 5T
E(R) = <r sin +zcos§) CoSTT+ <r cos; — zsm§> S|n7T+q)S|n2E

—F 4o




Problem 3.35 Transform the following vectors into spherical coordinates and then
evaluate them at the indicated points:

(@) A =3%y?>+9xz+24 atP = (1,-1,2),

(b) B=9(®+y?+2) —2(x*+y?) atP, = (-1,0,2),

(c) C=Tcosp—@sing-+zcospsing atP; = (2,1/4,2), and

(d) D=Ry?/(X°+y?) —9x%/(x° +y?) + 24 atP, = (1,-1,2).

Solution: From Table 3-2:
@)
A = (Rsinf cosq)Jrécosecoqu—(Apsinq))(RsinQsinq))2
+(R sin@sing+06coso sin(p+fpcosrp)(Rsin9 cosp)(Rcosb)
+ (Rcosg —Bsin6)4
= R(RZsir? @ sinpcosg(sinf sing+ cos) + 4 cosH)
+é(stin6 cosB singcosp(sin@sing+cosf) —4sing)

+ @R?sin6(cosh cog ¢ — sinB'sin® ),
P1:< 12+(—1)2+22,tan‘1< 12+(—1)2/2>,tan—1(—1/1)>

= (1/6,35.3°, —45°),
A(P) ~ R2.856— 62.888+@2.123

(b)
B = (Rsin@sing+8cosd sing+ @cosp)RZ — (R cosd — Bsin@)R2sir?
= RR?sinf(sing — sinf cosB) + BR?(cosB sing + sin® 8) + eR? coso,

(v/5,26.6°,180°),
B(P:) ~ —R0.896+ 60.449— ¢b.

(©)

C

(Rsin® +6cos@) cosp — @sing + (Rcosh —ésine) cospsing
R cosg(sin6 + cosf sing) + écosrp(cose —sin@sing) — @sing,

Py = (V22122 tan (2/2), m/4) = (22,45 ,45),

C(Ps) ~ R0.854+00.146— 0.707.



(d)
RZsir? Osir’ ¢

R2sir? 8 sir? ¢+ R2sin’ 6 cog ¢
RZsir? 8 cog ¢

R2sir? @ sir? ¢+ R2sir? 6 cog @

D = (Rsin@ cosg+ cosh cosp — gsing)

— (Rsin@sing+ 0¢osh sing -+ @cosy)

+ (Rcosb —BsinB)4

= R(sin@ cospsir? ¢ — sin@singpcos ¢+ 4 cosh)
+6(cosh cosgsir? g — cosf sinpcos g — 4sinb)
—@(coS p+sin’ ),

Ps(1,-1,2) =Py [V141+4tan 1(v1+1/2),tan }(—1/1)
= P4(V6,35.26°, —45),

D(P;) = R(sin3526° cos 45 sir? 45° — sin3526° sin(—45°) cos 45° + 4 cos 3526°)
+6(cos 3526° cos 45 sinf 45° — cos 3526° sin(—45°) co$ 45° — 45in 3526°)
— @(coS45° + sint45°)
=R3.67—61.73—¢0.707.




