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The task of the (near)optimal FSM state encoding
can be generally formulated as assignment of such
binary vectors to the state symbols that the result-
ing binary next-state and output functions can be
efficiently implemented with a given implementation
technology. It is therefore clear why the evolution of
state encoding algorithms is intimately related to the
evolution of the implementation platforms.

The first attempts at algorithms of state assign-
ment for computer program implementation date
back to 1960s, when the implementation technology
were diodes, transistors and simple gates. Follow-
ing the methods of human designers, formulated by
Humphrey [13] as the “rules for state code adjacency”,
the algorithms proposed in [3][2][10] are based on
grouping together 1’s in the Karnaugh tables of the
resulting binary output and next-state functions, and
in result on maximizing the size and minimizing the
number of product terms in the sum-of-product ex-
pressions describing the combinational part of the
FSM realization.

Even though the technology changed, the obser-
vations formulated by Humphrey became foundation
for the next generations of algorithms.

This was also the case with the family of algorithms
based on symbolic minimization. This novel idea im-
plemented by de Micheli in Kiss [8] in 1985 consists
in performing the logic minimization phase before the
state encoding. The minimization phase takes ad-
vantage of the well defined realization cost for PLA
technology, which may be closely estimated by the
number of inputs, outputs and product terms in min-
imized cover of the functions. The minimized func-
tions could be realized in PLA technology at the cost
(in terms of circuit area) determined prior to encod-
ing, assuming that the constructed code will satisfy
all encoding constraints resulting from the symbolic

minimization phase. The state encoding problem is
in this way reduced to satisfaction of the so called
face or input constraints expressing certain relations
between the codes of some groups of states.

The method implemented in Kiss has however sev-
eral shortcomings. First of all, in the symbolic min-
imization phase the binary next-state functions are
assumed to have disjoint on-sets. Thus, the next-
state function minimization is not taken into account.
This aspect is especially apparent for counter FSMs,
where minimized symbolic cover for 2p-state counter
has 2p product terms, while the optimum is O(p2).
Moreover, the FSM’s feedback is not properly taken
into account. Also the constraint satisfaction algo-
rithm is just a simple-minded, greedy search.

The idea corresponding to symbolic minimization
(minimization of generalized implicants) was even
earlier pursued in [5]. However, the computational
complexity of the presented (admittedly, much more
sophisticated) method made it impractical for FSMs
larger that 8 states.

In 1988, Jóźwiak published the method of max-
imal adjacencies, Maxad, targeting two-level logic
implementations (PLA and random logic AND-OR
circuits) [14][15][17]. Although the method uses the
“state code adjacency” concept, it differs consider-
ably from the previous methods based on this idea.
Jóźwiak considers many sorts of adjacencies, per-
forms a sophisticated adjacency analysis and uses the
results of the analysis very effectively in a sophisti-
cated code construction performed in the framework
of an effective and efficient double-beam search al-
gorithm. This resulted in a state assignment tool
that efficiently produced much better results than
any other method published at that time. Compared
to Kiss, the machines encoded by Maxad have real-
izations with on average 13% smaller PLA area and

1



28% smaller feedback area.
Some of the shortcomings of Kiss are addressed in

its successor — Nova [28]. Nova takes more efficient
and flexible approach to constraints satisfaction, rep-
resenting it as a graph embedding problem and solv-
ing in several, heuristic strategies producing superior
results and offering quality/runtime trade-offs. Also
the output encoding problem is considered here, how-
ever in a marginal manner, subordinate to the Kiss-
like input encoding. The best strategy of Nova –
iohybrid – produced results of comparable quality to
the results of the maximal adjacency method.

The output encoding problem is addressed in two
dichotomy-based methods, representing an interesting
direction in the scope of the symbolic minimization
based methods. Dichotomy-based algorithms take
column-based approach to code construction, i.e. val-
ues of a particular binary state variable for all states
(columns of encoding) of the code are directly de-
cided, instead of the complete code for a particular
state (row of encoding). Dichotomies are used for
the implicit representation of the binary state vari-
able values. Dichotomies are two-block partitions on
certain sub-sets of a given set S, and in the case of
state encoding, on some sub-sets of the FSM’s states
set. The first dichotomy-based method, Duet [7],
introduces uniform framework for representation of
input and output constraints as dichotomies. The
problem of the encoding constraint satisfaction is
transformed in this way to the problem of the com-
patible dichotomies merging. The resulting merged
dichotomies define unambiguously certain encoding,
which satisfies all the constraints represented by the
component dichotomies. The second method in this
group, Disa [24], introduces the concept of the dy-
namic constraint satisfaction. In the process of it-
erative code construction, the constraint set is modi-
fied at each stage, considering the partial information
about the output constraints extracted from the cur-
rent partial encoding. The constraints are then sat-
isfied at a newly created code bit, which introduces
the next-generation partial encoding.

In general, the above symbolic minimization-based
methods only differ from each other in the level of de-
tail in constraint consideration and in constraint sat-
isfaction method. All of them assume two-level PLA

implementation of the functions resulting from the
state encoding. This assumption drives the symbolic
minimization, which aims at generation of minimum-
cardinality symbolic cover – a reasonably good ap-
proximation of the optimal FSM realization, espe-
cially for input-dominated FSMs. Unfortunately, no
such good approximation has been discovered for any
sort of multi-level logic (except for multiplexor net-
works). Multi-level implementations (be it levels of
logic gates, PLAs, PALs or CLBs) pose a whole new
group of challenges. The greatest potential of the
multi-level realizations – the possibility of realizing
multiple trade-offs (between area, delay, power, in-
terconnect complexity, etc.) introduces a new kind
of more complicated criteria into the process of se-
quential synthesis, and hence greatly complicates the
process. It also makes the definition of the quality
(cost) function very difficult. Moreover, each particu-
lar implementation platform (complex gates, CPLDs,
FPGAs) necessitates certain platform-specific tech-
nology mapping, which further separates the state en-
coding from the actual physical realization, and hin-
ders quality estimation of the constructed code. In
particular, the forementioned implementation plat-
forms (LUT-FPGAs, CPLDs, and complex gates) do
not impose any constraints on a function type that
can be implemented with a single logic building block.
Instead, they impose hard constraints on the circuit
structural parameters, such as the maximal number
of inputs and outputs of a logic block, or the inter-
connection structure. For these reasons, most en-
coding methods for the multi-level implementations
settle for crude predictions of the 1operations of sub-
sequent logic synthesis steps, and attempt to create
such an encoding, which produces output functions
“easy” for a certain multi-level combinational logic
minimizer.

One of the earliest multi-level state assigment
method, Mustang [9], falls into this category. De-
signed to work with Mis logic synthesis system, it at-
tempts to maximize the number and size of the com-
mon (sub-)cubes in expressions describing the out-
put functions. These common (sub-)cubes will make
it easier for Mis to realize its objective of minimiz-
ing the number of literals. The common cube max-
imization is realized in the process of adjacent code
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assignment to some selected pairs of states. The se-
lection of the pairs, interestingly, is guided by rules
similar to those of Humphrey. Two other well know
methods, Jedi [23] and Muse [11], closely follow the
concepts implemented in Mustang, with additional
improvements introduced by elements of simulated
annealing and consideration of Boolean (as opposed
to algebraic) operations in common-cube extraction.

A different approach is taken in Mis-MV [21]. It
follows in the footsteps of Kiss and applies symbolic
minimization to the multi-level realizations. Mis-

MV is actually not a state encoding method, but
a multi-level logic minimizer able to handle multi-
valued variables. It is therefore able to minimize
the combinational component of FSM before the ac-
tual state encoding, when the state variable is still
in its symbolic, multivalued form. Symbolically min-
imized function is then encoded with a simple algo-
rithm based on simulated annealing, guided by the
number of literals as its cost function.

Some of the interesting alternative approaches to
state encoding include genetic algorithms. Methods
presented in [1] and [6] fall into this category. Both
methods, to calculate the quality of a chromosome,
encode the machine with the code represented by the
chromosome and minimize the resulting cover with
Espresso. The assignment quality is represented by
the size of the PLA implementation of the minimized
cover. Unfortunately, the basic genetic algorithms
are known to poorly handle the problems with com-
plicated and time consuming quality function [19]. It
seems to be the case also in the state encoding ap-
plication. The run-times of the genetic algorithms
exceed in some cases those of the classical algorithms
by a factor of 100 on small benchmark examples.
An interesting direction pointed in [6] is, however,
the simultaneous encoding and selection of the types
of flip-flops used to store state variables (D or J/K
type). In some cases, the choice of J/K flip-flops
(which are known to require less complicated excita-
tion functions) reduced the combinational component
of the FSM realization by as much as 80%.

The challenges introduced by the multi-level imple-
mentations were further deepened with the advent of
FPGA devices. An FPGA is composed of a config-
urable network of configurable logic blocks (CLBs)

capable of realizing (in particular, in lookup table
based architectures) any function of a fixed number
of variables. This characteristic invalidates estima-
tion of the implementation cost of the function by
the number of terms or literals. Till now, very little
has been done in the field of sequential synthesis tar-
geting FPGA implementations. Notable exceptions
are the programs Lax [26] and Minisup [22].

Lax is dedicated to multiplexor-based FPGA (e.g.
Act1) architectures. Exploring the direct correspon-
dence between the function’s BDD and its multi-
plexor realization structure, the algorithm attempts
to minimize the ROBDD size of the resulting binary
functions. It performs iterative improvement of a
Mustang-generated encoding by introducing in it
some random changes with decreasing level of dis-
turbance.

Yet another approach is represented by Min-

isup. As a dichotomy-based method, Minisup uses a
column-based approach. Aiming at minimization of
the total input support of the resulting binary func-
tions, it starts with an initial, long seed encoding
and constructs the final encoding by merging the seed
code columns. The process is guided by the heuristic
that merging of two columns corresponding to two
state variables present in the input support of a cer-
tain function will reduce the function’s input support.
The candidates for merging are the pairs of code vari-
ables, which appear together in the input supports of
the largest number of the output functions.

A totally different view at the state encoding
problem is presented in the algebraic structure the-
ory of sequential machines due to Hartmanis and
Stearns [12]. The theory utilizes the concepts of par-
titions and set systems to model the FSM’s informa-
tion structure, and trace dependencies between the
information about the FSM’s states, inputs and out-
puts. Observation of these dependencies gives hints
related to the direction, in which the encoding of the
states should follow to reduce the dependecies of the
next-state and output functions from the state and
input variables. In this way, some possibly interesting
decompositions of the FSM can be discovered and the
input supports of the binary next-state and output
functions can be reduced. This approach seems to
be especially interesting in the case of LUT-FPGAs,
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where reducing dependencies satisfies two important
goals of reducing the functions’ input supports and
interconnections. Due to its computational difficulty
the theory was however receiving little interest until
it was further developed and generalized by Jóźwiak
in [20][16][18], and used as a base for general decom-
position of sequential machines and discrete functions
and state assignment of sequential machines. In [18],
a relation between the partitions, set systems or cov-
ers used to model the algebraic information structure
and information about symbols is explicitly stated.
The information is defined there as the ability to dis-
tinguish between the symbols (in the case of FSM:
states, input or output values). Partitions, set sys-
tems and covers enable modeling of information in
various points of discrete systems. The apparatus of
information relationships and relationship measures
enables analysis and measurement of the modeled in-
formation and relationships between information in
the various points. In this way, the apparatus pro-
posed by Jóźwiak makes operational the theory of
partitions and set systems of Hartmanis and Stearns.
It enables construction of effective and efficient de-
composition and encoding algorithms based on this
theory and its extensions.

Some applications of the algebraic structure the-
ory (without its extensions) to FSM decomposition
or encoding were also considered by some other au-
thors (see a.o. [4][25][27][29]).
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