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Context:

 Adaptive Critic Desi gn (ACD)

A methodolo gy for ada ptivel y desi gnin g an 
(approximatel y) optimal controller for a 
given plant accordin g to a stated criterion.

We use a NN as the controller [actionNN ], 
and another NN [criticNN ] to u pdate 
(assist in the desi gn of ) the controller.

“Plant” is re presented via state vector R (t).  
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Context:

The ACD method entails the user definin g 

a (primar y) utilit y function    for the 
specific a pp lication, and then maximizin g 
a new utilit y function (Bellman E qn.):

                                   

 [We note:                                    ]   

U t( )

J t( ) γkU t k+( )
k 0=

∞
∑=

J t( ) U t( ) γJ t 1+( )+=
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Context: Famil y of Ada ptive Critic Desi gns 

The criticNN a pproximates either  or 
gradient of  wrt state vector  [ ]

�Heuristic Dynamic Pro grammin g (HDP)
            CriticNN approximates 

�Dual Heuristic Pro grammin g (DHP)
            CriticNN approximates 

�Generalized Dual HeuristicProgramming (GDHP)

            CriticNN approximates  and 

�Action Dependent ....
        CriticNN also inputs   and outputs  

J t( )
J t( ) R t( ) J R( )∇

J t( )

J R( ) λ≡∇

J t( ) J R( )∇

u t( ) J u( )∇
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Computin g Schema for discussin g 
Strate gies

R(t)
action

model

critic#1

critic#2

utilit y

u(t)
R(t+1)

λ(R(t))

λ(R(t+1))

calculate (R(t))λ°

calculate ∆wij
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Weights in actionNN are u pdated with ob jective of 
maximizin g J(t):

                        

 where       

and             

and 

        
    call this term       (to be out put of critic )

∆wij t( ) lcoef
wij t( )∂

∂ J t( )•=

wij t( )∂
∂ J t( )

uk t( )∂
∂ J t( )

wij t( )∂
∂ uk t( )•

k 1=

a
∑=

uk t( )∂
∂ J t( )

uk t( )∂
∂ U t( )

uk t( )∂
∂ J t 1+( )+=

uk t( )∂
∂ J t 1+( )

Rs t 1+( )∂
∂ J t 1+( )

uk t( )∂
∂ Rs t 1+( )•

s 1=

n

∑=

λ t 1+( )
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CriticNN out put is .
For trainin g criticNN, “desired out put” is .
                     (cf.  Eqn. (6) in paper)

Paraphrase of E qn. (6) [cf. E qn. (7) in paper]:

              

            

Today focus on “solvin g” E qn. (7)

λ
λ°

λs° t( ) [~Utility]+ [~Utility] [~Action]•( )
j 1=

a
∑=

[~Critic(t+1)] [~Plant]•( )
k 1=

n
∑+

[~Critic(t+1)] [~Plant] [~Action]••( )
j 1=

a
∑

 
 
 
 
 

k 1=

n
∑+
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Strate gies to solve E qn. (6) [and (7)]

Strate gy 1. Strai ght application of the e quation.

Strate gy 2. Basic 2-sta ge process [“fli p/flo p”]. 
                       [e.g., Santiago/Werbos, Prokhorov/Wunsch]
                  Durin g stage 1, train criticNN, not actionNN;
                  Durin g stage 2, train actionNN, not criticNN.

Strate gy 3. Modified 1st sta ge of 2-sta ge process.
While train criticNN durin g stage 1, keep 
parameters constant in module that 
calculates critic’s desired out put (R).
Then ad just wei ghts all at once at end of 
stage 1.

Strate gy 4. Single-sta ge process, usin g 
modifications introduced in Strate gy 3.       

λ°
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Computin g Schema for discussin g
 Strate gies

R(t)
action

model

critic#1

critic#2

utilit y

u(t)
R(t+1)

λ(R(t))

λ(R(t+1))

calculate (R(t))λ°

calculate ∆wij
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Experimental Procedures
Train 3 passes throu gh sequence
  (5, -10, 20, -5, -20, 10) [degrees from vertical].
  Train 30 sec. on each an gle.
  Accumulate absolute values of U: C (1), C(2), C(3).

Test pass throu gh train se quence
   (30 sec. each an gle). Accumulate U values: C (4).

Generalize pass throu gh sequence
 (-23, -18, -8, 3, 13, 23) [degrees from vertical].
  Accumulate U values: C (5).

Generalize pass throu gh sequence
  (-38, -33, 23, 38) [degrees from vertical].
  Accumulate U values: C (6).
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Theta-onl y version of Pole-Cart problem

Theta-X version of Pole-Cart problem

[Columns 2 & 3 are total cost (mean +  std. dev.)]
[Column 4 gives ave. number of drops for the two gains]

Strategy via Strategy 1 
Edge Gains

via corresp.
Edge Gains

D(1)S1/D(1)TEG

1 206 + 53 206 + 53          18 / 18
2a  239 + 2.5 226 + 3.5 45 / 42
4a 115 + 2.0  49 + 1.0 16 / 6
4b  128 + 2.5  48 + 1.0 17 / 6

Strategy via Strategy 1 
Edge Gains

via corresp. 
Edge Gains

D(1)S1/D(1)TEG

1 349 + 11 349 + 11          58 / 58
2a not run none found -----
4a 394 + 7.5  207 + 9.5 62 / 33
4b  390 + 10.5  230 + 9.5 67 / 41
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Characterization of Results

Edge Gains (learning coefficients) for Pole-Cart

Learnin g rates for actionNN and criticNN determine 
speed of conver gence of DHP.

Strategy
Theta-Only
critic/action 

gains

Theta-X
critic/action gains

1 .07/.25 .02/.2
2a .07/1.0 none
4a .3/.9 .04/.4
4b .3/.9 .03/.4
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β

v

[ l = lb + lf ]
c.g.lb lf

x direction

   [back wheel, front wheel, one side of chassis]

of chassis

x

y

αi
βi

δi

wheeli,                      (back,front)i b f,=

vi

x

y
yo

xo

ψ

δb δf
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S.C. K.E. F.E. D.E. O.E..

δb
αb

fy

mz

ρ·

β·

ρ

β

uf
ub

αf
δf

S.C.= Steering Controller        D.E.=Dynamic Equations
K.E.=Kinematic Equations      O.E.=Output Equations
F.E.= Force Equations

Block Dia gram for Bic ycle Steerin g Model [1]
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Recap re. criticNN:
Performs ma pping:  λ(R)  

Desired out put for trainin g purposes: (R)  
Solution (not known ) of Bellman e quation:  λ^(R)

Learn process: λ(R) is to conver ge to  (R);

                            (R) is to conver ge to  λ^(R).

i.e.,            λ(R)          (R)          λ^(R) 

[The better the criticNN “solves” the Bellman e qn.,
the better the actionNN will a pproximate an 
optimal controller.]  

λ°

λ°

λ°

λ°
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Dual Heuristic Pro grammin g (DHP)

For state R (t), actionNN -->control si gnal u (t).
Apply u(t), plant/model chan ges state to R (t+1).
Calculate utilit y U(R(t), u(t)).
CriticNN is used to ada pt the actionNN.
[The CriticNN itself must be ada pted.]
  

u(t)
*1/maxr *1/maxr

utility, U(R,u)

criticNNactionNN model
λ(t+1)R(t+1)

R(t)
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Step Responses of
 6-1-1 Controller, 1m pole

[Trained w/    max +  10o]
                                                   [ No explicit X trainin g]  

Trained: 7.5 odispl.

Tested: 38 odispl.                                  Tested: -6.6m displ. 

Θ
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λs° t( )
Rs t( )d
d U t( )

uj t( )∂
∂ U t( )

Rs t( )∂
∂ uj t( )•

 
 
 

j 1=

a
∑+=

Rk t 1+( )∂
∂ J t 1+( )

uj t( )∂
∂ Rk t 1+( )

Rs t( )∂
∂ uj t( )••

 
 
 

j 1=

a
∑

 
 
 
 
 

k 1=

n
∑+

Rk t 1+( )∂
∂ J t 1+( )

Rs t( )d
d Rk t 1+( )•

 
 
 

k 1=

n
∑+

“Desired Output”  for CriticNN:


