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Abstract

A generalization to the classical state minimizalion
of a Finite State Machine (FSM) is described. The
FSM is minimized here in two dimensions: numbers
of both input symbols and inlernal slates are mini-
mized in an tterative sequence of inpul minimization
and state minimization procedures. For each machine
in the sequence of FSMs created by the algorithm an
equivalent FSM s found that atiempls to minimize the
state asstgnment by selecting in each cell of the tran-
silion map one successor siale from the set of suc-
cessors. This approach leads to a partitioned realiza-
tion of the FSM with an input encoder. Our efficient
branch-and-bound program, FMINI, produces an ez-
act minimum resull for each component minimization
process and a globally quasi-minimum solution lo the
entire two-dimensional (2D) FSM combined process of
state minimization and assignment.

1 Introduction

Several problems related to synthesis, verification
and testability of networks of FSMs require checking
the compatibility of states and detecting the unreach-
able states, and making maximum use of sequential
don’t cares. One of the processes used to verify and
optimize hardware-realized machines with compatible
states and don’t cares is stale minimization. It was
also shown by Pager [9] that the problem of deter-
mining the minimal closed table for a compiler which
uses Knuth’s LR(k) parsing algorithm can be reduced
to that of state minimization. State minimization
has recently received considerable attention, but only
a few FSM minimizing programs have been written
{1, 4, 6, 11]. State minimizers are also included in the
new U.C. Berkeley system, SIS.

The idea of minimizing states and columns of an
FSM concurrently is due to Grasselli and Luccio [3, 8].
They show additional minimization capabilities of this
approach with respect to standard state minimiza-
tion. This idea applies also well to the problem from
[9]. While [8] formulates the problem and gives exam-
ples but does not give the solution method, [3] gives
a complete exact, nearly exhaustive algorithm which
has been, however, not programmed. It is our feeling
that if programmed, their method would be very in-
efficient. The approach from [3] also does not use the
input encoder design method, presented below, which
is derived from two-dimensional minimization. They
are also not concerned with state assignment.
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The idea of combining stages of state minimization
and state assignment was originally proposed for ap-
proximate design of asynchronous machines by Hall-
bauer [5). The first exact algorithm for synchronous
machines was presented in [7] but was limited to 8 x
8 tables. The state minimization was considered to-

ether with state assignment by Kannan and Sarma

], but they just used separate programs in a se-
quence. The fastest dedicated method for concurrent
state minimization and assignment is due to Hachtel
et al [4], which is based on a special cost function and
mapping. However, these methods do not use 2D min-
imization.

No other papers on generalizations of the FSM min-
imization problem and especially their computer real-
1zations are known to the authors.

The original contribution of this paper is the exten-
sion, combination, and implementation of four ideas
that have been little studied until now: (1) Two-
dimensional minimization; (2) The problem of se-
lection of next stales from a group of equivalent next
states, while a final machine is created from the closed
and complete set of compatibles [10, 4]. (3) Con-
current state minimization and stale assignment. (4)
Flip-flop type chotce. The Assignment process is op-
timized for other flip-flops than D flip-flops and selec-
tion of the optimum type of flip-flop for each excitation
function [7, 10].

2 The Two-Dimensional Minimization
Problem for Finite State Machines

The 2D minimization process combines the mini-
mization/assignment of the internal states with that
of the input states. FEach state or input minimiza-
tion/assigniment process is performed independently,
but such processes are executed in an iterative se-
quence until no better machine is found. Such an ap-
proach leads to a partitioned realization of the FSM
with an input encoder (Fig. 1).

Next states from columns of a state table are com-
binable when all of the corresponding next states and
outputs are consisteni. Such states can be merged.
If all pairs of states from two columns can be merged,
those entire columns can be combined to a single col-
umn. We attempt to combine all columns to as few
groups as possible, where the groups do not overlap.
The merging occurs more frequently when there are
many don’t care terms in internal state transitions



and outputs. The process of creating a partition of
the set of columns to the minimum number of non-
overlapping cliques of columns we call the input min-
tmizalion process. Note that input minimization tries
to combine the columns of the FSM table, while state
minimizalion tries to combine the rows of this table.
The possibility of input minimization is also consid-
ered in the new state tables created by each of the
state minimization processes. Following each input
or state minimization procedure, the program tests
whether further minimization is possible. The opti-
mal solution actually includes two parts: the optimal
input column partitioning (OMCCI) and the optimal
closed and complete covering (OMCCP). These are
the last input column partitioning and minimal closed
and complete state covering created when further min-
imization is impossible.

FMINI, our program which implements these
algorithms, produces an exact minimum result for
each component minimization process, and a globally
iluasi—minimum solution to the two-dimensional prob-
em.

Input minimization in FMINTI is equivalent to the
clique partitioning problem, which although is NP-
hard, has several very efficient algorithms. It can be
also reduced to graph coloring [12]. State minimiza-
tion of FMINT is reduced to a sequence of two NP-
hard problems: the generation of all cliques (all com-
patibles), and the covering/closure problem of internal
states with compatibles [11]. The generation of com-

atibles is done by a modified algorithm of Stoffers
16], which generates at the same time all compatibles
implied by those groups |1 1{. The exact method from
[4] cannot be used for machines with very large sets
of compatibles, while the approach based on graph-
coloring and closed graph-coloring can. Because of
limited space, the branch-and-bound search algorithm
of FMINI is not presented here (see [7, 11, 13, 14]).
FMINT uses a weighted cost function to decide
‘if the search on a certain branch (set of compatible
groups) should be retained or not [11]. The weighted
cost function CF(S) of a solution set S of compalible
groups (CG) in the FSM state minimization is:

CF(S) = {a; + CARD(A) CARD(S) +

az + Y CARD(S;)}

S; €8

(1)

In formula (1), A represents a set of all the internal
states of a certain FSM. CARD is the number of ele-
ments in the set. a; and ay are coefficients. The first
component of (1) corresponds to the minimization of
the number of states and the second component to the
minimization of the lransition funclions, which is in
turn expressed by the minimization of the number of
states that occur in more than one CG. This leads to
the mazimizalion of the don’t care terms in Boolean
functions when the machine is minimized, its inter-
nal states are assigned with codes, and the excitation
functions are finally found. If coefficient a; >> as,
the solution is selected which has the minimum sec-
ond component among all machines with the minimum
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number of states. When set SMAX can be calculated,
coeflicients a; and a; from formula (1) are described
by the following formulas:

1 1

= - d =
“ = carp@ ¢ “ 2 s;esmax CARD(S;)

2
In the above formula, set SMAX denotes the set of(a)l
compalible groups.

This formulation is lacking in other programs (ex-
cept for [1]) and leads to improved quality of as-
signments 1n FMINI. It has special advantages in
two-dimensional (2D) minimization. It can be eas-
ily verified on examples from [3, 8] that while a ma-
chine state-minimized according to Grasselli/Luccio’s
method cannot be input-minimized (the case of row
reduction preventing column reduction), the same ma-
chine state-minimized according to our approach can
be still input-minimized leading to the global mini-
mum solution.

A set of compatible groups is said to overlap if the
same elements appear in different groups of this set.
The idea of our state minimization method is to min-
imize the overlap at every stage. This leaves more
don’t cares for state/input minimizations. Moreover,
this retains more don’t cares for subsequent processes,
which allows for better results during the state assign-
ment and logic minimization processes. _

A feasible solution that has the lowest cost, CF, is
called the ezxact solution. The final state table with
the exact minimum number of states, equivalent to
the table before this state minimization, can be easily
found from it, but better results are obtained if the
next-state selection is taken into account (see [10] and
section 3 of this paper. In [4]) this is called mapping.

Table 1 shows an initial state table of Mealy ma-
chine. After the first Input Minimization the new state
table, Table 2, is created from it. Next, State Mini-
mization produces Table 3 from Table 2. Finally, the
next Input Minimization produces Table 4, which can-
not be further minimized. More details can be found
in [14, 11, 13].

3 The Next State Selection and State

Assignment Process

For each transition with more than one successor
(the so-called "non-univocal transitions” [7]), one of
the "non-unique” next states is selected to simplify
the state assignment. The method presented here is
quite similar to those from [10, 7], but it sacrifices the
quality of the solution for the speed of creation. For
every ”non-univocal state table” (called also a rela-
tional transition graph), only some subset of proper
partitions is calculated, as in {10}, and their excitation
functions individually tested.

For simplification, we will explain the method on
an example from [10]. Fig. 2a presents an FSM ta-
ble after combining in the initial table the rows from
closed compatibles found in search. For simplifica-
tion, the role of outputs (which is taken into account
in [7, 10]) is not discussed here. The corresponding
non-univocal state table is shown in Fig. 2b. As an



example how such table can be derived; since state 2
of the original state table is included in groups A and
C of the table from Fig. 2a, every entry ”2” in the
table from Fig. 2a is replaced with set {A,C} of next
states in the new table from Fig. 2b. Such substitu-
tion is done for every cell of the table from Fig. 2a,
and table from Fig. 2b is created. This new table
is now evaluated for a subset of two-block partitions
(those partitions are found using a method similar to
one from [7]). Suppose that partition 7, = {AB, CD}
is tested and it is assumed that block AB is encoded
with 0 and block CD with 1. If a single state exists
in a cell of the table, then it is replaced with corre-
sponding code of this state from this partition. For
instance, state A with 0 and state D with 1. If the cell
includes states from one block then these states are re-
placed with the code of this block, for instance states
{A,B} are replaced with 0 and states {C,D} with 1.
If the group includes states from various blocks, it is
replaced by a don’t care. For each selected 7; the in-
dividual excitation functions are calculated, given the
type of the flip-flop ¢); corresponding to this partition.
This may be a D, T or JK flip-flop, which type is just
assumed, or selected for the least cost of excitation
functions for above types of flip-flops [7]. The excita-
tion function f(r,? is approximately minimized with
Espresso-mv fast logic minimizer and its cost is cal-
culated. Fig. 2c,d,e presents calculations for D type
flip-flops. For 7 (Fig. 2c) the minimized function is
S€z + S4Bzy + SAFofcost 2+ 3 +2=17. (We
use here the notation of multiple-valued input switch-
ing functions [15]). For 7 (Fig. 2d) the minimized
function is 7 + SB% of cost 1 + 2 = 3. For 75 (Fig.
2e) the minimized function is S8 + S48y of cost 1
4+ 2 = 3. A set of partitions is selected that satisfies
two conditions: (1) the product of the partitions is
a zero-partition ([10], (2) their total cost is minimum
[7]). In our example, the partitions 7, and 73 with a
total cost of 6 are selected. Assignment with such par-
titions (Fig. 2f) allows us to create a Boolean relation
that has many don’t cares in transitions and only few
non-univocal transitions other than don’t cares. For
our example, the only such non-univocal transitions
are §(C, 10) = {00, 11}, and §(B, 00) = {10, 01}.
(&6 denotes the transition relation). A special approx-
imate fast Boolean relation minimizer is now applied
to this function, which leads to the selection of 01 in
§(B, 00) and of 00 in 6(C, 10). This produces the
solution: Dy = Q1T+ Ty, Dy = Q2T+ Q1 y
of cost 8. This entire process is executed whenever
a new OMCCP S is found of a better (or in another
variant, not worse) value of CF(S). Several heuristics
are added to make the process more efficient.

4 The Input Logic Encoding Process
As discussed in sect.2, the product implicants (rep-
resented as cubes) of primary input variables are ac-
cumulated in lists corresponding to the columns of the
state table. For instance, in Table 4, input column X4
corresponds to cube 001, input column Xy 5 to cubes
10- and 110, and input column X; 36 to cubes 000,
-11, and 010. Since the primary inputs X; are divided
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into three distinguishable groups in the solution set,
the outputs of the encoder (the secondary inputs of
the FSM) should have at least 2 bits, those signals
are denoted here by n and m. This encoding could
use any kind of code. Some minimizing possibilities
result also from the state assignment process to select:
this code, but it 1s beyond the topic of this paper.
The code generated for our case is shown in Table 5.
The Boolean minimizer Espresso-mv is called to find
the quasi-minimal logic equations of the input encoder
quickly. Assuming the code from Table 5, and primary
input signals g, b, ¢ the logic equations of the encoder
are as follows:

m=1a¢ + bec, n=uac¢+ ab

5 Evaluation of FMINI

The FMINI program has been tried on more than
40 FSM examples with 50 or less internal states and 20
inputs. The results of these trials show that FMINI
can handle large scale machines. Some statistical re-
sults of using FMINI for minimization of real life cir-
cuits described initially in a high level parallel behav-
ioral language ADL are presented in Table 6. Two-
dimensional minimization gives essential size and area
improvements for machines with many (more than
30%) don’t cares in their outputs (Table 7).

6 Conclusion

The concept of 2D FSM minimization/assignment,
implemented here for the first time, is a useful de-
sign alternative for machines with many don’t cares
and compatible states. It allows us to minimize ma-
chines in two dimensions, which for some machines
leads to further area minimization with respect to the
one-dimensional minimization. It should be included
in comprehensive design automation systems as one
of several, script-selected, design methods. Since it is
fast, it can be tried on every designed machine without
sacrificing much design time. Although each compo-
nent minimization process in the sequence of input and
state minimization procedures is exact, there exist ex-
amples [8], which prove that our final machine is not
an exact optimum, since minimization in one dimen-
sion can prevent the minimization in the other one.
We are, therefore, working on an exact algorithm for
the 2D minimization problem formulated by Grasselli
and Luccio.
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INPUTS OUTPUTS
> f—
ENCODER PLA
PRESENT NEXT
STATES MEMORY STATES
ELEMENTS
Fig. 1.

Present | X1 | X2 | X3 | Xa | X5 | X¢
States 000 | 10- -11 001 | 110 | 010

1 1= | 3/~ | 1/0- | 3/-0 | 3/~ | O/~

2 1/~ 1 3/0 | 0/ | U~ | O/~ | 4/~
3 0 ) 0~ | 10 ] 1/0- | 30- | 1/
4 40 | 3/~ | 1/~ | 3/~ } 3/1 | O/~
Table 1
NS/output units
Present | X X4 Xas X3s
States 000 001 0-,110 | -11,010
1 1/- 3/0 3/- 1/0-
2 1/-- 1/-- 3/-0 4/~
3 0/-- 1/0- 3/0- 1/-0
4 4/0 3/- 3/-1 1/~
Table 2
NS/output units
Present I 14 I 25 I 36
Siates 000 001 | 10-110 | -11,010
1 1/-0 2/-0 2/-1 1/0-
2’ 1/~ 1/0- 2/00 1/-0
Table 3
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. a
NS/output units ) b)
xy 00 01 11 10 X 00 01 11 10
Present X4 X 25 X 13,6 AN N
States 001 10-,110 { 000,-11,010 A={1.23.5) |(a61] 2,61 |(2.4) ] 2 AlD|B|c |AC
r 2/-0 2/1 100 B=(36 |@361| 6 |2 | 3 8 |8 |8o|aclas
2 1/0- 200 1/0 C=f24} | 4 | 6 )1 |5 c |cb|lBD| A| A
D={46} |3 6 [{1.2} [3.5) D |AB |BD| A | A
Table 4
inputs | m | n c) d)
X4 010 S\xy 00 01 11 10 Ny 00 01 11 10
Xa5 01 A1) o (;\ - At | 1] o] o
X6 | 1|0 B of - U 0 s [ 1| o [T
c {(1 |- 0o cll-} 1]l ojo
Table 5. CD
Do -t o0} o DX | V|00
M, | My | M. | M, | M, | M,
data style kiss | .stab | kiss | kiss | .stab | .swb f
Input bits 3 : 3 3 X N e) )
_output bits 2 2 3 2 4 2.
P —vly Z 7y 7 z n) 3 S\xy 00 ot 11 10 \s\xy 00 o1 11 10
T - -
rows of M 4 50 5 S 20 4 A 0 ’ 1 ; Aool 10 |11 o1l o
% of don't 25 | 212 | 40 | 4333 | 747 | 625 L
care NSs s G (L T- /™ co| 1]+ | ofoor
% of don't 66.67 | 3424 | 40 60 85 84.8
care outputs c | - |- ol o B 11| 10,011 1- {00 | 00
iteration 3 2 2 4 3 3
columns of M* 3 4 19 3 11 3. - 3 0 0 D01 o 1- 00| 00
rows of M* 2 46 s 4 10 3 / (
time of execution(sec.) 1.3 7.4 8.0 1.5 10.3 12 a1qe | Fig2.
The next-sate selection and assignment process.
Table 7
Machi Number of
Op. | Starus | Opera | Predi States Stae | Rowsin | Rowsin
Name | Nodes | Nodes | -tions | <ates | mit/inat | 700 | Ovus | o s | pra
Ged 2 4 3 3 k77 3 2 1 7 3
Class 10 5 ] -] 444 6 5 2 10 8
Squent 5. 3 8 4 44 4 3 2 10 6
Regis 9 4 5 8 4/4 8 5 2 18 15
Pulsa 6 5 6 4 &/6 4 5 3 15 11
Ohm 14 4 11 4 12712 4 11 4 18 17
Trian 14 4 15 5 12/12 5 15 4 20 17
Micro 3 2 22 13 1277 13 21 3 24 18
Telep 16 3 10 12 13/13 12 9 4 35 34
CcPU 21 2 14 10 13/13 5 14 4 2 19
Delay 9 6 9 [ 14/13 [ 7 4 50 36
Yoit 4 4 11 4 18/18 8 11 4 12 11
Table 6.



